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Abstract
It is shown that canonical quantization of the 4d Siegel superparticle yields
massless Wess–Zumino model as an effective field theory. Quantum states of the
superparticle are realized in terms of the real scalar superfields which prove to be
decomposed into the sum of on-shell chiral and antichiral superfields.
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1. Already for a long time there exists permanent interest in the study
and quantization of different classical and pseudoclassical models of rela-
tivistic particles. In fact, such an activity began with the works [1,2] where
a pseudoclassical model (PM) for the Dirac particle in four dimensions was
constructed, studied, and quantized. It was interesting to see how quan-
tum mechanics of a spinning particle, which may also be treated as a free
spinor field theory, can be reconstructed in the course of first quantization
of Grassmann classical mechanics (pseudoclassical mechanics). It was ex-
pected that such an experience might be useful in the intensively developed
that time string theory, where first quantization was and remains until now
the main approach to quantum description. However, it soon became clear
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that a PM is of independent theoretical interest and the natural questions
appeared: Is it possible to treat any field theory (at least, a free field the-
ory) as the result of first quantization of a classical particle model or a
PM? Does there exist a regular method to construct such a model for a
given field theory? Although these questions were not answered in general,
many interesting results were obtained in that direction. For example,
there were constructed PM for higher spin field theories in 3+1 and 2+1
dimensions [3, 4]. In particular, a PM which corresponds to the topologi-
cally massive gauge theory of spin-one particles (2+1 electrodynamics with
Chern-Simons term) and a PM for the Weyl particle in an arbitrary even
dimension have been presented [5, 6].
It has long been realized that the path integral representation for the
propagator of a field theory may serve as a heuristic method to find an
action of the corresponding PM. The effectiveness of such an approach was
demonstrated for the scalar and spinor particles in four dimensions [2, 7, 8]
and then used [9] to construct a new minimal PM for spinning particles in
odd dimensions. However, the approach mentioned can not be considered
as the universal one since the construction of a path integral itself may
present a nontrivial tack. As an example one can mention the situation
with the Weyl particle in even dimensions for which a PM was constructed
but the corresponding path integral was not yet. Generally, a path integral
representation for a field propagator keep no track of all the constraints of
the corresponding particle model. In other words, a particle action enters
into the path integral in the gauge fixed form.
It is natural to expect that a PM of a superparticle has to reproduce in
the course of first quantization some supersymmetric field theory. However,
its covariant quantization creates new (in comparison to those of spinning
particles) difficulties related to the complicated constraints structure. Of
prime interest (for motivations and a comprehensive list of references see
Ref. 10) seems to be the Brink–Schwarz superparticle [11] which involves
an infinitive ghost tower when BRST quantized [12]. The puzzle of covari-
ant quantization of the superparticle can be addressed in two respects [10]
(for an alternative twistor-harmonic approach see Ref. 13 ): The problem
of quantizing the infinitely reducible second class constraints; The prob-
lem of quantizing the infinitely reducible first class ones. It is the Siegel
superparticle [14] (later referred to as AB superparticle [15]) which allows
one to examine the latter in an independent way.1
1In Ref. 16 further modifications (ABC-, ABCD-superparticles) have been proposed and shown [17]
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Recently, a recipe how to supplement infinitely reducible first class con-
straints up to a constraint system of finite stage of reducibility has been
proposed [19]. Before trying it within the framework of BFV quantization,
it seems natural to consider canonical quantization of the model.
In the present letter we examine the problem in R4/4 superspace and
show that an effective field theory which corresponds to the first quan-
tized Siegel superparticle is the massless Wess–Zumino model [20] in the
component form.
2. The action functional which describes the dynamics of the Siegel
superparticle in R4/4 superspace reads [21] (we use the spinor notation
from Ref. 22)
S =
∫
dτ{
1
2e
ΠmΠm + iθ˙ρ− iρ¯
˙¯θ}, (1)
with
Πm = x˙m − iθσm ˙¯θ + iθ˙σmθ¯ + iψσmρ¯− iρσmψ¯.
It is invariant under global supersymmetry transformations,
δθ = ǫ, δθ¯ = ǫ¯, δxn = iǫσnθ¯ − iθσnǫ¯, (2)
as well as under local α- and κ-symmetries,
δαθ = αθ˙, δαθ¯ = α
˙¯θ, δαx
n = αx˙n,
δαρ = αρ˙, δαρ¯ = α ˙¯ρ, δαe = (αe)
·,
δαψ = (αψ)
·, δαψ¯ = (αψ¯)
·;
(3.a)
δκθ =
1
e
Πnσ
nκ¯, δκθ¯ =
1
e
Πnκσ
n,
δκx
n = iθσnδθ¯ − iδθσnθ¯ − iκσnρ¯+ iρσnκ¯,
δκe = 4iθ˙κ− 4iκ¯
˙¯θ, δκψ = κ˙,
δκψ¯ = ˙¯κ.
(3.b)
As is seen from Eqs. (2) and (3), the coordinates (xm, θα, θ¯α˙) parametrize
the standard R4/4 superspace, while the variables e and (ψα, ψ¯α˙) prove to
be the gauge fields for the local α- and κ-symmetries respectively. The
role of the pair (ρα, ρ¯α˙) is to provide the terms corresponding to (mixed)
covariant propagator for fermions in the action (1) [23].
to be equivalent to the Brink–Schwarz model. As the new formulations involve first class constraints only,
the second class constraints problem intrinsic in the Brink–Schwarz theory can be avoided (for works on
quantization of the ABCD superparticle see Refs. 15 and 18).
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Passing to the Hamiltonian formalism one finds primary constraints in
the problem
pθ + ipnσ
nθ¯ + iρ = 0, pρ = 0,
pθ¯ + iθσ
npn + iρ¯ = 0, pρ¯ = 0,
(4.a)
pe = 0, pψ = 0, pψ¯ = 0, (4.b)
where (p, pθ, pθ¯, pψ, pψ¯, pρ, pρ¯, pe) are momenta conjugate to the variables
(x, θ, θ¯, ψ, ψ¯, ρ, ρ¯, e) respectively. The total Hamiltonian has the form
H = peλe + pψλψ − λψ¯pψ¯ + pρλρ − λρ¯pρ¯+
+(pθ¯ + iθσ
npn + iρ¯)λθ¯ − λθ(pθ + ipnσ
nθ¯ + iρ)+
+e
p2
2
− iψσnpnρ¯+ iρσnp
nψ¯, (5)
where λ... are Lagrange multipliers corresponding to the primary con-
straints. The consistency conditions for the primary constraints imply
the secondary ones
p2 = 0, pnσ
nρ¯ = 0, ρσnpn = 0, (6)
and determine some of the Lagrange multipliers,
λθ = pnσ
nψ¯, λθ¯ = ψσ
npn,
λρ = −2pnσ
nλθ¯ ≈ 0, λρ¯ = −2λθσ
npn ≈ 0.
(7)
No tertiary constraints arise from the Dirac procedure and the remaining
Lagrange multipliers stay undetermined. Thus, the complete constraint
set of the model is given by Eqs. (4),(6) and it is convenient to rewrite the
latter in the equivalent form
p2 = 0, pmσ˜
mpθ = 0, pθ¯σ˜
mpm = 0. (8)
The constraints (4.a) are second-class which means that the pairs (ρ, pρ),
(ρ¯, pρ¯) can be omitted after introducing the corresponding Dirac bracket
2
(the Dirac brackets for the remaining variables Γi prove to coincide with the
Poisson ones {Γi,Γj}D={Γ
i,Γj}). The first-class constraints (4.b) admit
the covariant gauge
e = 1, ψ = 0, ψ¯ = 0, (9)
which implies
λe = 0, λψ = 0, λψ¯ = 0, (10)
2We define the fundamental Poisson brackets as {xm, pn} = δ
m
n, {θ
α, pθβ} = δ
α
β , {θ¯
α˙, pθ¯β˙} = δ
α˙
β˙ .
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and allows one to eliminate the variables (e, pe), (ψ, pψ), (ψ¯, pψ¯) from the
consideration. Thus, after partial phase space reduction, there remain
(x, p), (θ, pθ), (θ¯, pθ¯) variables in the problem which are subject to the
first-class constraints (8). The total Hamiltonian vanishes on the con-
straint surface in full agreement with the reparametrization invariance of
the model.
Some remarks are relevant here. First, from Eq. (8) it follows
p2θ = 0, p
2
θ¯ = 0. (11)
This means that the C-constraint of the 10d ABCD superparticle [16]
(which removes negative norm states from the quantum spectrum [15-17])
automatically holds in four dimensions. Second, the constraints (8) just
coincide with the first-class ones of the 4d Brink–Schwarz superparticle [15].
It is infinitely reducible constraint set which requires an infinite tower of
ghost variables in BFV quantization [12, 15]. Third, a covariant gauge
to Eq. (8) is known to be problematic in the original phase space [10]
(the conventional noncovariant gauge choice is x+ = τp+, θσ+ = 0, σ+θ¯ =
0). We refrain from fixing the gauge freedom related to the first-class
constraints (8) and will treat them as restrictions on physical states in
the course of Dirac quantization. This gives us a possibility to develop a
covariant scheme of quantization which is presented below.
3. Since Dirac brackets for the independent variables coincide with the
Poisson ones, the commutation relations for the corresponding operators
are canonical. We can realize them in the coordinate representation,
xˆn = xn, pˆm = −i
∂
∂xm
, [xˆn, pˆm] = iδ
n
m,
θˆα = θα, pˆθα = i
∂
∂θα
, [θˆα, pˆθβ ] = iδ
α
β, (12)
ˆ¯θα˙ = θ¯α˙, pˆθ¯α˙ = i
∂
∂θ¯α˙
, [ ˆ¯θα˙, pˆθ¯β˙ ] = iδ
α˙
β˙.
on a Hilbert space whose elements are chosen to be real scalar superfields
(they do not depend on time since the Hamiltonian vanishes on the con-
straint surface)
V (x, θ, θ¯) = A(x) + θψ(x) + θ¯ψ¯(x) + θ2F (x) + θ¯2F¯ (x)+
+θσnθ¯Cn(x) + θ¯
2θλ(x) + θ2θ¯λ¯(x) + θ2θ¯2D(x), (13)
and which obey the boundary condition
V (x, θ, θ¯) −→
x→±∞
0 . (14)
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The physical states in the Hilbert space are defined in the usual way
[24,25]
pˆ2|phys〉 = 0,
σ˜npˆnpˆθ|phys〉 = 0, (15)
σ˜npˆnpˆθ¯|phys〉 = 0.
In the explicit representation (12), (13) this yields
σ˜n∂nψ = 0, σ˜
n∂nψ¯ = 0,
✷A = 0;
(16.a)
(σ˜mσn)α˙β˙∂mCn = 0, (σ
nσ˜m)α
β∂mCn = 0,
✷Cn = 0,
(16.b)
with all other component fields vanishing due to the boundary condition
(14). In obtaining Eq. (16) the identity
Tr (σnσ˜m) = −2ηnm (17)
was used.
Consider now Eq.(16.b). Taking a trace of the first equation and making
use of Eq. (17) one finds
∂nCn = 0, (18)
which (with the use of the standard relation σnσ˜m+σmσ˜n = −2ηnm) allows
one to rewrite Eq. (16.b) in the form
(σmn)α
β∂mCn = 0, (σ˜
mn)α˙β˙∂mCn = 0,
✷Cn = 0
(19)
Multiplying the first equality in Eq. (19) with (σkl)β
α, and taking into
account the identity
Trσmnσkl = −
1
2
(ηmkηnl − ηmlηnk)−
i
2
ǫmnkl, (20)
one gets
∂kCl − ∂lCk = −iǫklmn∂
mCn, (21)
which together with its complex conjugate implies
∂mCn − ∂nCm = 0, ǫklmn∂
mCn = 0. (22)
The only solution to Eqs. (18), (22) is
Cn = ∂nB, (23)
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with B the on-shell massless scalar field
✷B = 0. (24)
Thus, physical states of the first quantized Siegel superparticle look like
Vphys(x, θ, θ¯) = A(x) + θψ(x) + θ¯ψ¯(x) + θσ
nθ¯∂nB(x), (25)
with A,B the on-shell massless real scalar fields (irreps of the Poincare´
group of helicity 0) and ψ, ψ¯ the on-shell massless spinor fields (helicities
1/2 and –1/2, respectively). Note that together they fit to form two ir-
reducible representations of the super Poincare´ group of superhelicities 0
and –1/2 [26].
It is worth mentioning that Eq. (15) can be rewritten in the manifestly
superinvariant form
σ˜nα˙α∂nDαV = 0, σ˜
nα˙α∂nD¯α˙V = 0, (26)
where Dα, D¯α˙ are the covariant derivatives, or as the single massless Dirac
equation
γn∂nΨ = 0, (27)
with Ψ ≡

 DαV
D¯α˙V

 a Majorana (superfield) spinor.
An effective field theory which reproduces equations (16.a), (24) is easy
to write
S =
∫
d4x{
1
2
∂mA∂mA+
1
2
∂mB∂mB + iψσ
m∂mψ¯}, (28)
which is invariant under the global (on-shell) supersymmetry transforma-
tions
δA = ǫψ + ǫ¯ψ¯, δB = iǫψ − iǫ¯ψ¯,
δψ = i(σnǫ¯)∂nA+ (σ
nǫ¯)∂nB, (29)
δψ¯ = −i(ǫσn)∂nA+ (ǫσ
n)∂nB.
In Eq. (28) we recognize the massless Wess–Zumino model in the compo-
nent form [20].
Thus, we have demonstrated that first quantization of the Siegel super-
particle leads to the massless Wess-Zumino theory.
4. As is known, the superfield formulation of the massless Wess–Zumino
model involves chiral and antichiral superfields [20, 22],
S =
∫
d8z ΦΦ¯, (30.a)
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D¯α˙Φ = 0, (30.b)
DαΦ¯ = 0. (30.c)
Equations of motion for the theory (30) read
D2Φ = 0, (31.a)
D¯2Φ¯ = 0. (31.b)
Let us show that the real scalar superfield (13) satisfying the constraints
(26) is the sum of on-shell massless chiral ((30.b), (31.a)) and antichiral
((30.c), (31.b)) superfields.
Consider Eqs. (30.b), (31.a). The first of them implies the decomposi-
tion [22, 26]
Φ(x, θ, θ¯) = α(x)+ θψ(x)+ θ2f(x)+ iθσnθ¯∂nα(x)+
1
2
θ2θ¯σ˜n∂nψ+
1
4
θ2θ¯2✷α,
(32)
while the latter, being rewritten in the equivalent form
σ˜n α˙α∂nDαΦ = 0, (33)
yields
σ˜n∂nψ = 0, ✷α = 0, f = 0. (34)
To get Eqs. (33), (34) we used the identity
[D2, D¯α˙] = −4iσ
n
αα˙∂nD
α, (35)
and assumed the standard boundary conditions. Note also that the chiral-
ity condition together with Eq. (33) implies
✷Φ = 0, (36)
as a consequence of
{Dα, D¯α˙} = −2iσ
n
αα˙∂n. (37)
Thus, an on-shell scalar chiral superfield can be written as
Φ(x, θ, θ¯) = α(x) + θψ(x) + iθσnθ¯∂nα(x),
✷α(x) = 0, σ˜n∂nψ(x) = 0.
(38)
Similarly, an on-shell scalar antichiral superfield ((30.c), (31.b)) reads
Φ¯(x, θ, θ¯) = α¯(x) + θ¯ψ¯(x)− iθσnθ¯∂nα¯(x),
✷α¯(x) = 0, σ˜n∂nψ¯(x) = 0.
(39)
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Considering now the sum
Φ + Φ¯ = (α+ α¯) + θψ + θ¯ψ¯ + θσnθ¯∂ni(α− α¯), (40)
and denoting
α + α¯ = A, i(α− α¯) = B, (41)
one arrives just at Eq. (25). Thus, the real scalar superfield subject to the
constraints (26) was proven to be the sum of on-shell chiral and antichiral
superfields
Vphys(x, θ, θ¯) = Φ(x, θ, θ¯) + Φ¯(x, θ, θ¯). (42)
As is known, on-shell massless scalar chiral superfields form massless irre-
ducible representation of the super Poincare´ group of superhelicity 0 [26].
Analogously, on-shell massless scalar antichiral superfields realize irrep of
superhelicity −1/2. We may conclude here that quantum states of the first
quantized Siegel superparticle form a reducible representation of the super
Poincare´ group which contains superhelicities 0 and −1/2.
Thus, in this letter we have considered canonical quantization of the
Siegel superparticle in R4/4 superspace.. Quantum states of the model
were proven to be the sum of on-shell chiral and antichiral superfields. The
corresponding effective field theory was shown to be the massless Wess–
Zumino model. Because propagators of the theory are well known, it seems
interesting to reproduce Siegel’s action within the framework of the proper-
time approach [27], as well as, to compare the result with that of the
straightforward BFV quantization combined with the scheme [19]. This
work is in progress now.
As was mentioned above, the C-constraint of the 10d ABCD-super-
particle [16] is not necessary in four dimensions. It is tempting to extend
the model (1) up to a theory equivalent to the 4d Brink–Schwarz superpar-
ticle along the lines of Ref. 16. Since constraints quadratic in fermions will
no appear now, we expect considerable simplification in the corresponding
BFV quantization.
Due to the relation to superstring theory, the 10d case is of prime inter-
est. The operatorial quantization presented in this work is rather specific
in four dimensions. We hope, however, that BFV path integral quantiza-
tion will proceed along the same lines both in 4d and 10d. The results on
this subject will be present elsewhere.
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